The homogenization of a passive 'tracer ' in a flow with closed mean streamlines occurs in two stages: first, a rapid phase dominated by shear-augmented diffusion over a time z @ ( L / U ) , where the €'Met number P = LU/K (L, U and K are lengthscale, velocity scale and diffusivity), in which initial values of the tracer are replaced by their (generalized) average about a streamline ; second, a slow phase requiring the full diffusion time x L 2 / K . The diffusion problem for the second phase, where tracer isopleths are held to streamlines by shear diffusion, involves a generalized diffusivity which is proportional to K , but exceeds i t if the streamlines are not circular. Expressions are also given for flow fields that are oscillatory rather than steady.
Introduction
The process of expulsion of the gradient of a conservative scalar field 8 (which may be the flux function for a vector field I?) from a closed two-dimensional streamline pattern is well known from the work of Batchelor (1956) . Although he was primarily concerned with the problem where 8 is the vorticity, his results apply to any conservative tracer advected by a steady two-dimensional flow field and subject to weak diffusion. Application of these ideas in other contexts has led to diverse theories of magnetic field expulsion from two-dimensional convection cells (Weiss 1966 ; Moffatt 1978) , the resolution of the critical-layer region of a nonlinear wave (Benney & Bergeron 1969; Redekopp 1980 ) and the three-dimensional circulation of a quasi-geostrophic ocean or atmosphere (Rhines & Young 1982a, 6 ; Young & Rhines 1982) . Because expulsion must compete with other processes of forcing or relaxation, it is important to determine how rapidly it occurs; Batchelor's argument is concerned with the ultimate steady state and gives no clue. Understanding of the rapidity of the process may help with more complex flows, for example when the streamlines pass through a diffusive boundary layer.
I n this note we will discuss the initial-value problem 0, + J(+, e) = PO, (1.la) m, y, 0) = 8,(z, y) (1.16) using several different models for the stream function *(x, y, t). Our goal is to understand physically how the passive scalar 8 is homogenized by the interaction of the velocity field 2 x V* and the diffusivity K . We are especially interested in the timescale of this process because there is some controversy on this point. Note that in this article we confine our attention to problems where 0 is not dynamically active. Thus our analysis does not directly apply to the problem considered by Batchelor (1956). Nonetheless, the kinematic problem considered here is an important model whose solution helps in understanding dynamic problems. Before summarizing the various results that have been previously suggested we will introduce the different timescales and the one non-dimensional parameter suggested by scale analysis.
Let T, denote the turnover time :
where U is the velocity scale and L is the lengthscale of the flow. Let Td denote the diffusive timescale :
(1.3)
From (1.2) and (1.3) we construct the Pgclet number: 
Shear dispersion
Our physical understanding of expulsion is based on several simple examples, all of which have a common theme: the interaction of velocity gradients with weak diffusivity produces an accelerated spatial flux of the tracer 8. This discovery was first made by Taylor (1953) in his investigation of shear-flow dispersion in a pipe. This spatial flux is accompanied by an accelerated spectral flux of tracer whose Fourier components move from small wavenumbers to large. We will now discuss four different examples which illustrate different aspects of the above process. The first two examples are the most important, and the reader may skip to $ 3 after these without loss of continuity. For an initial y-independent tracer distribution the solution is
where This is essentially Taylor's (1953) result with a diffusivity enhancement G/Km2, inversely proportional to molecular diffusivity, describing the increase in tracer variance along streamlines. The process acts like a simple diffusivity along streamlines only after the cross-stream molecular diffusion distance (Kt): exceeds the scale of the flow m-l. The inverse dependence of effective diffusivity on K holds only in this sense, and it might be termed the strongly diffusive case. Of more interest here is the limit, (ii), for small K where the enhanced rate of dispersion along streamlines varies directly with K (Okubo 1967; Young et al. 1982) . I n order to illustrate this process it is illuminating to solve (2.1) using a different method. We assume that U = ay: this is a local expansion about a point which is adequate provided one is not near points where the velocity gradient vanishes: using the moment method one can show that the &field decays more slowly in the neighbourhood of these points. As an initial condition we suppose that S(z, y, 0) = coskx.
More general initial conditions can be produced by Fourier superposition. If K = 0 the solution of (2.1) with this initial condition is
I n order t o obtain the solution with K =k 0 one substitutes the ansatz into (2.1) and obtains an ordinary differential equation for A :
The complete solution is 
Unlike Taylor's limit, in which mixing across streamlines to confining walls (or lines of symmetry) is rapid, the present case does not lead to a simple 'effective ' diffusivity. law, but for very different reasons than envisaged by him. The stripe expands in width (along the x-axis) like tj, faster even than with pure advection. This is of course due to diffusion across streamlines from a region of faster or slower flow. The Fourier analysis may be continued to consider an initial 'spot' of dye. This is the form originally considered by Carter & Okubo (1965). They find where The spot expands diffusively at first. Then the shear takes hold, working upon the diffusively growing cross-streamline width. The effects are multiplicative, yielding the t3 dependence of t s ; .
(iii) If the shearing velocity field is oscillatory in time, say U = ay cos wt, then just the same procedure as for (ii) yields 8 = exp 
2(t-y ) ) ] c o s k ( x -a y t )
in place of (2.4). At small time ordinary diffusion dominates, a t intermediate (ii) T, -L / U ) @ or equivalently ( L 2 /~) P% for P 8 1 , steady shear (this phase being thus much longer than the rotation time L / U but much shorter than the diffusion time L2/K) ; 
Expulsion: the slow stage
I n $ 3 wc discussed the fast process by which the initial &distribution is sheardispersed round streamlines in a time T,. Our discussion focused on circular streamlines, but we mentioned that for an arbitrary @ the fast process replaces 8, bY
in a time of order T,. I n (4.1) the integrals are contour integrals around closed streamlines.
We will now discuss this result more carefully and also derive an equation which describes the subsequent evolution of a($, t ) . Before beginning we will present some geometric results which will be used in the course of the discussion. Suppose there is a set of nested, closed, simply connected streamlines in some region of the ( x , y)-plane. These curves are given by $ = constant, Now, given some scalar function F ( x , y), one can construct a function of $ alone by defining (4.2)
where the area integral is over the area enclosed by a particular $-contour. It is d I ds straightforward to show that (4.3) (Young 1981) , where the line integral above is around the strcam1ine.t Now, return to the advection-diffusion problem T, = FfTd < Td.
Physically this means that the amount of 8 between two streamlines changes very litt,le on the timescale T,. This is because shear dispersion enhances mixing along, but not across, streamlines. The upshot of the rapid-averaging process is then
t Thus, for example, the circulation r = jV$.iids about a streamline and the kinetic energy E = $jV$*V$dxdy contained within it are related by r = 28E/a$.
provided that
Our goal is now to find an evolution equation for 0 when P. B. Rhines and W . R. Young T, < t < Td.
After the averaging process is complete we expect that the second term in (4.4) is much larger than the other two. Thus 0 = @@, t), (4.9) because the advection is now much stronger than the perturbations due to diffusion.
An evolution equation for 8 is found by substituting (4.9) into the exact result (4.6) and using (4.3). Thus where we have used since for these extreme aspect ratios the homogenization time is comparable to T,.
As a general result we may show that
D(A) 2 DO(A),
where Do is the effective diffusivity of a circular pattern of streamlines with the same enclosed area as the actual pattern. This follows from ( I F 2 ds) ( SO2 ds) 3 ( jFGds)2,
Conclusions
We have given several variants of shear-augmented tracer dispersion, in order to emphasize the diversity of results that govern expulsion of gradients in realistic velocity fields. Application to unsteady wave-and turbulence fields, in which closed streamlines appear and disappear, is particularly interesting. Kraichnan (1974) and Salmon (1980) have produced some useful results for stochastic velocity fields. It is intriguing to wonder whether, say, two-dimensional turbulence has enough persistence in its flow pattern for some signs of homogenization to develop. Because a tracer homogenizes on the diffusive timescale, even slow changes in the stream function may be important.
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